
 

Classification task

Pattern Label

Notation

X Feature space Set of all feature vectors

For Eg Xa Rd

Classifier h X 1 M

Simple case M 2 0,13 or f l 113

How to design classifiers.S how to judge
their performance

Input Xi Li i I n Training
T datasetTclass Labelfeaturevector

Using training data learn an appropriate
classifier h

Test Test validate the h on new data

PTO



Example Medium build

a
1

t
x x x

weight x x xx
x e

t t

height

Regression taek

Training data Xi y i I n

Xi ftp.d Yi ER

Need is to learn a function h X 7112

Examples prediction of stock prices etc

curve fitting x if cxn.tn

Find a function f s.f yeffx

G Obtain a classifier regression function

using a training dataset 5 t the error on unseen

test data is low



Assumption There is a distribution underlying
the data

Formally

f conditional density of features from
class i

Let x x xd C And represent a
feature vector

fi Cx joint density of Cx 1 given

that X is in classes i

Note A feature rector x can belong to different
classes with different probabilities

clad Ot.oaiunifo.co1

ueeXausits
My 3

overlapregion

PTO



feature space 7 10,13 clam labels

H set of classifier _f h h X 2T

Performance Fch P h X f yea
metric 17 A

label assigned true does1 byclatifier h Label

Probability of mis donification

Goal htt argmin f h
h C H

Bayes classifier

Let Pie Ply i prior probabilities

qicxt plycxs ifx.ae

Bages classifier h N

go
if Vq I

1 else

PTO



From Bayes theorem

posterior 2 prior x likelihood

91 Cx pifila2
pofofxt p.fi

Normalizing
constant

Bages classifier

classify x as belonging to class o

if No V Cx

Po focal 7 P f Ca

Optimality of Bages classifier
Fix a classifier h

Define Rich x C X hca i Teo I

FCh P h x y Cx

pl XE R Ch XE Claes o



p X C Roch XE Claes t

Po PCXER.CN XC Claes o

P PC XERoch x C does 1

Pop
foCx7dx t P f f G dx

Roch

For the Bayes clanifier HB

Rothe f x Pofocal P f Cx

R HB x P f x Po fold

So FChB f Poto dat ftp.fixldx
Rich Roch

win pofocx Rf fxDdx

So he is optimal

pregnable p f

mg H khigh x



JP f dk
Roch

Generalizing Bages classifier to handle loss faction

Loss function L 4 7 3 Rt

Chex yl x is the loss suffered by h
on pattern X

performance metric f Ch ECLChex yCx

Special case Lca b if a b
rplossfition 1 if atb

Then Fth PChCx7tyCx for above L

In general 0,1 t LG o 40,01 41 Dad

h for optimizing is

his 0 it Fff LID
41,0

1 else

Note If LC 1,01 410,1 we recover the

Baga classifier for 0 1 loss function



Extending Bages classifier to multi class

classification problems

Let 0,1 M 13 be the M class labels

LC i j loss function
T

true does labelclanifier predicts

Rch ECL Chex yCx xy

Goal minimize Rfn

Deriving the Bages classifier

Let RCilx El 4h43 ycxD h six

E LC i g Cx a

m l

E Lci j p gext Ilx
5 0

Lci j or Cx
d IO

Rch Ef E L Chlxtylx 1 3

SRC htt x fCa dx

T



need
to
minimize this Hat X

Bayesclauifi
hBcx7 i if iLCiiDqcxK CkiDUjG4

k

claim hp is optimal for

Special Case for M 2

Cx 0 if
L 0,07 67 40,139 Cx

C Lcbo Nofx t Lch q c

If L Coco 1,17 0 then x is

equivalent to

Nola z 26,1
q x L 1,07

H For O 1 loss function with a

M class classification problem derive HB



Spe 9 X ER

fi N Mi T2 Teo I

fi at Pf in 91

his x 0 if

Po folk L 1,0 P f Cx 210,1

og Po41,077 t log ffoCxD log Cp Leo D logffical

4
logCpo L 1,07 tog ro log 2 HIT

2 2

logCP 4917 Lg Ei 126g Get

292

taxi's 4 Ei
u ask.am iD

O



Spectators

9 9 0 po p
e9mi probable classes

L 1,07 40,1

Then hBCx7 0 if

Mo M 2 Mi Mi 70

i e as MotzI qq.gr

the

note
2

f O Po P 1,07 40,1

IIIC's hes 70

ro r x2 Triloglook
to



Generalization to multivariate claws conditional

densities

fifa 1 expf Heil fate
ferfleil Teo I

hBcx7 0 Tf CHECK

Csi silat Ero sin
lutein misono

wa that'E o

H.w workout the special codes as in the

univariate setting

DISCRIMINANT FUNCTIONS

hex o if gin o

1 else

Example o C loss function Bages classifier Is

based on the discriminant function g ego WCa



gCx7 o is the decision surface
xx
X

o decisionsurface

Maximum likelihood estimation

To implement Bages classifier we need class

conditional densities S prior probabilities

Suppose we are given i i d Samples from a

class conditional distribution

x an

we adopt a parametric approach to estimation

D f x an iid from the distribution of a v X

parameterized by 0

Aim Use D to estimate 0

Example f Ho N Q Oa
k

Coco unknown



Halo
q
e.PL I II

estimate of 0

Examp Suppose X is drawn uniformly at

random from the set I n

Suppose n is unknown

Suppose we observe a sample k

Want an estimator of n given X k is observed

Max likelihood ML idea

The part of X R K ht I taken

Think of p Ck as a function of n

S find the maximizer of this function
I

k

111
n

o k



Rick is 0 for ne k 1 jumps to lz at n k

decreases beyond k So it is maximized at

n k

n KL K
MC

Suppose we are given x ans iid ff.IO

E.g Xi N O D one parameter in n
A distribution
unknown

in c estimate of 0

sane 8n In xi 82 421 9 7
mean

why choose In over 8

Use a mean Square error objective

MSEC 8 EKG 072

E E EE FEET off
EL to 7 E 072 2 EGG to EE OD

fE8 deff EE O



C

EC EET t Eon o
2

aVariance bias

Estimator on unbiased if E8 O

Var Conn In var Con Iz Varlet 1

Max likelihood estimation

D x an

E g Xi N N 0,1

AFTERI 2 3 4

Likelihood function LC 0 Tffxj O

me estimate O't E argmax L 07 44 4,03
O

Co't 3 Leo to

Log likelihood eco Log L log flailo



Example Univariate normal
Xi N O OE Tat n

did_log LCO f logo flog
2

n

d n hog 0 1,682T Hj O

ju 20 2

To find ML estimates 07,82 of 8 Oz do

his 21 0 ii 21 0
20 d Oz

n AZ
E In Exi oi IE.fi Elja

7
not unbiased

Assume Expil likelihood 4 find the
ML estimate

Generalize to multivariate Case

Xi N N µ E i I n xifRd
Calculate ML estimates for ME
An I Eai En t.EC anxxini5



Recalls Efx µ fx u5

Example Suppose a coin with bias 0 is tossed
n times 4 K heads occur

pgCx k7 Ha EY LCE

mc arggmax
85 l 8

k
n k known

Let le KE n 1

face'll
85 k 41 ETI okci.at

CE joke o's

k non ont Ci 85

If I E ten then 770

If I In then A co

So
me

For k O L 8 1 8 8mc 0

For Ken L 8 8 me I



H w work out ML estimate for Poisson X
likelihood Ifill GeometricCO2 likelihood

Bayesian estimation

Frequentist Bayesian

Probability long run Probability degree ofbelief
frequency subjective

Goal algorithms with God's State

long run freq guarantees analyze beliefs

Bayesianopproachi

parameter 0 is given a prior density 7TH

Observe data X Xu sampled from fGYO

Compute posterior density hse Bayes rule

f ol x Xu 2 L o ith

Example Dn a xn

Xi Ber O



Uniform prior it L

Posterior probability prior likelihood

f old 2 Tco Lnco

2 l x IIffxilo
o Ci oj ai

n ne
Pudge L Osh e of Sn

L 0
t f

Sn't l

B ity Haplo7 Od ly opt

So f COLD Beta Stl n Sn 11

Posterior mean Sn
n 12

N.w Redo the abhoohi for it N Beta G p



Bayes estimation

working procedure

Choose a prior density TCO
Observe data Dns ft an sampled iid

from f x O likelihood
Update beliefs
Calculate posterior density

Bayesrule

f O I xn ffa x lo Tco

Dn f x an

Ln o TCO

Normalization Incontent

f ol x xn 2 Info x tho

posterior likelihood prior

Point estimates
Posterior mean In f OffolDildo
Maximum aposteriori probability MAP

mode of the posterior

Ex D Xi an

Xi Ber o

Beta prior ie Ico BetaCa p



Then

f 0 8 2 Od ly og's Osn µ of
Sn

2 02 1
1

f g
13th Sn l

Old Beta 2 9 Btn Sn

Special core 2 4 1 cadre to uniform flat prior

Posterior In 252
mean

2 13 Santo I

H's HEHT n
ML estimate prior

near

Note Conjugacy Prior posterior belong to the

sane family of parameterized distributions

9 g Bernoulli case Beta prior conjugacy

Exam ple Dre 124 xn3

Halo N O r2
R known



Prior Ico N Oo 92

Holon x II expfzfiIYJfexofff.IT
xexrfzfEfiI5i I B

T.EE has
so f lol Dn N On T2

C Col Dn L exp f I CITY
Equatig the co efficient of 0 O2 in text

Coeft of 02

Inez f En Ego
cooff of 0

on

On q2 oil
n r2



Some observations

On lies between Sna Oo

Toto On 7 SI as n sa
n

8 0 Prior dominates

r or On Se
O n

Ref Duda Hart Stork's book for Bayes Colonifierf
MyBayes estimation

Minimum mean square error estimation
Ref q of
Bruce Hajek's notes
on probability
ECE 313 UIUC

Iconstantestimators e

Y is a r V S we wish to estimate Y

by a constant S

MS E S Eff 872



y f 2ffy7dy

It is easy to see that S ET minimize
the MSE

So F 7 is the MMSE estimate

I Unconstrained estimators

Y is a r v we observe X

MSE E CY gCXD2
T
want to find the g that minimizes the MSE

Suppose you observe 11 10

A

F 7 11 10 f iffy Cy1x dy

Claim EC7 X x in the MMSE estimate

MSE e F Y gCx

f Cy gixijfykcylxdgffxl.dk
I

minimized by gHx E Y X x



MmsE E Cf Eth

sign Eli EffectxD
Some problems

Bayes estimation haunian unknown mean

known variance 02

A Sequential estimation of posterior neanfrariance

From class notes see above

fat for
fat 2 2

L I
g 2 f Z

h I

Eat 2

s oof



On I

PBI x I 7 18 as

I foo

c z i'it EC
u

Top eigenvalue corresponding eigenvector Iff
xT xiu u CITY

O

E I E c If

PBI linear estimator

MSE E Y Caxtb

EC ax b

So for a given a b E ax

My aMx
The estimator has the form all fly aµx



MSE EC Y My ax aux

E CY ax City auxB
Var Ct ax

lov Y ax 7 ax

Vary ga Guffx a'Var IX
ex

Differentiate Wrt a to obtain

AE CovCYx
Var X

Best linear estimator 2 1 7 a X t b't

a't Xt My a µx

H Mita

met ryex.efxq.IN
MMSE Var Y atx

ri f ri

rill ex



PBI ML estimation for Geometric O
n da In

Leo ITC ol O se Iai
F I F i

Sn n n

l o 0

L o Ce o Csn n on
I of non

1

I of O f sin Ot nlt o

f of on f n Sno

L o if n Sno ie 0

o if O t

so if o I

so 8m LE

PLS Intuitive justification for ML estate

of variance being biased



Ef's f i y or

read Fmi t.EE ttn5
Observe that

n

E.ci Fnl's Eci m2I F 1

Why

pass Cli Frit th M crossarm
F I fronghes

Enlai ri t EIn n't O

3 Zai Ant
F I

Fron Eft sci int f a


