
 

Continuous r v s Lecture 15 contd

Def A v.v X is a continuous r v if F some

integrable f called the probability density function

pdf of X such that

F x fCa die Hx C R

Cdf of X

Note P X x O Hx

Tf acb PCac XE b Ecb Fica

abff.luduPfXakPCX bl O

3pCaCXEbp acXcb p aExeb7
pCaEXcb abft.ca du

Hal b C 1122 baffx 30 fx 70

f Ca7du Fx lb Ela



If a da afing time
Cbt Nas

I

P X x So f is not a probability

In particular f can take values 71

But limFxlxtdx7Fxlxl.fxCx7dx
iOdTa mitgfisae.a.ontins

F Cxtdx Fx I f fx7dx for smart de

p see XExtdx I f Ca Dx

Def Expectation of a continuous r v X with pdff is
a

EX Jaffa DX whenever the
integral exists

Lotus Efg 3 f ga f de

E Xk faff dx
a



Var x E X Ext Ex Ex

Example f All u2 level

0 else

Find A S t f is a valid pdf

f Ca du All u4du

A _I
4

Find PC Cxc E faculdu

O XE 1Cdf Fx
laxel

I X I

E fu duty

ot e



Var X Ex e fue I d du

Lecture
X has pdf f s t f 1 7 0 for XCO

Then
Ex PEX a DX

PI EX Jaffa de

dy finds

HH
x o to a y o to a

y O fo x x g too



So Ex fix d dy

PC x g dy

LoT g20

Ecg Top glx a de

f Cg dy dx

B yl gig x 3

da fxly dy

gag facy dy



More generally

if X and gCX continuous r v S then

Efg Is Ig fx dx

Examples

Exponential distribution
A r v X is exponential with parameter X 0

if its pdf is given by

f CuI f

di a o

O else

fin



ECx fxcaldu de du I e

E Cal l e x o

Ex Jo Ci FCxDdx I e taxi

a

H W Calculate Ex JI de de
O

Memorylessness

P X stet X s P X t

XC Ste XE
e e

is
e

Relation between geometric exponential r.us

Bernoulli trials
t t t
l l l l l
s s



W time for the first head

PCW KS l p
k

Ew
P

Fix a time t By T we have thiols
Let 540

want Lim PCW t to be non trivial
40

Assume I X
S

Pcw e Pcw f S

HS
l p

I is e
it



Normal Gaussian v.v

2 parameters µ and oil

Density flak expf Hgt exes

Denote Nfp or
NOISE 242

Tf µ 0 02 1 then flak e

XN N Cu o2 Y XI
r

PCYey PC XEyotr

o
expf C

y ax

Iexpt E do YETIL



So Y N od

E 7 0 Var Y l

X n N µ r2
then EX µ Va X r2

Cauchy distribution

f fit I c as

Tf HH

Reading assignment

check Gamma Beta distributions
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Joint distributions

Defy Joint distribution of jointly loatinuone r.us X Y
is F R2 2 Co D given by

F x y7 PCX Ex YEy
flu o du do Ha yfR

f joint density function

Note Pl XE Ca b IE CCdD abffcx.gl

xdgMaginaldistn
bntionsFxGDPCXEx FCx o7 lying Fait

Similarly Fy ly PCY Eg Flo y

Fx I flu g dy du

Marginal pdf f f x y dy
Similarly fy g Ifla y da



LOIS F gain ffgcx.gl fix y dxdy
a a

Corollary Ela Xi by a EX BEY

Independence

X and Y independent if
XEx3 and EY Ey are independent Hx y

Alternately X and Y independent if

F x g Ela Fyly

or f x y f f g
H t

Examples

X Y r.us with f a y If yet
y

pAre IX 7 independent



PC XM E o 9,17 0 9,13 0

But P X E 0.9 I PC TECO 9,1 are not zero

X Y independent Uriffo I

a Let U min XM

p U u p x u PCT u Ll a Ctu

Fu a PCU Eu l Ct a
2

o cu c

gu ut

fo u 2 2u

EU 13

b V max X Y

Pl vs v pCxEo P Yeo v2

f Co 20

EV 1020 2
3



Cool u v ECUV EWEN

E UV F XY EX ET txt L

v U V t Ix If

X Y finite variances independent

U XtY XY

Let µ My be means 0 2,42 variance of X Y

Find a condition involving Mayu of of that
ensures U V ane uncorrelated

Bivariate normal distribution

Let ffx.gl go.pt expf Ley42
2exLtyY

Ic eel



Note f is a valid pdf i e

f x g 70 Hi y 4 f flyyidadgel
a

So f in the joint density of some X Y

Marins X Y ane N Con

Cov Xie EXT EXEY

II xyffx.yldxdy.ee
Remade If e O

fair f
e e

So X Y are independent
In general uncorrelated independence

Eat I e d Fit

fuk I e in a valid pdf
FLT



By a changeof variable argument
flak at expf 42 is a valid pdf

Lecture 18 6 11 19

Cov Xie f
xyflx.yldxdg.ise II int II

Sy t.it eg dy

Et fy e Mdg e

The joint density can be written as

Hart ftp it f rt's D
w
f ly f µ Hy



fy N 0,1

fwy N eyed

Xie is bivariate normal with means µ µ

variances 42,5230 correlation coefficient ICICI

if its joint pdf is given by

f xg 1

2tqq.me Pf I Qhif where

an.sk f f.I 2efEIlHEHIIII
Show that

Xn NCM ri Y Nlm ri

Correlation coefficient between X 7 is e

XI 9 independent if only if 9 0

run



Conditionaldistribution conditionalexpectation

X Y r.us with joint density f
PC YEy X x is undefined

If f x 0 then

PCYC.ge xeXExtdx P YEf xEXextdx
Xxtd

ffx o dxdu

f dk

I do

As dxtro LHS approaches p YEy x x so

Def conditional distribution of Y given X x is

Full If do

for ang x s t f Cx77O

We shall denote the above by P YEy X x



Def Conditional density function denoted by fy is

f y gtx ftp jYf Hxs.t.fxCxho

Since f lx7 Jfk y dy
a

fyh.ly x
flx y

Jffxy dy
a

EXAMPLE X 7 with density

f Diy Iz O ELEK El

f e flag dy dy I

fy1 Cylx f X y

2
at

0 EYE IE 1

So X Unit to D Y X Unit Ope
Conditioned on Xie

pl Wei x x



Let Ala f y f IR l OE y EI x y2El3 x 0

Ala 0 min x a

P x'ty2Ei x x f fyµ yIx dy
ACx

I dy mink.fm

pCx4e2Ei faffca.gldady

A Cx y x'tyEl OE y Exel

pCxHEi of f G
µ

fylxGH d dx

of twin Hifi de

of min lift dx

log Itf
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DEI Conditional expectation yCx F HX is

defined by
4CN EC7 X e Iffy ly xdyThni.YCx7

EC7 x satisfies

F XCX Et

ie ECE 71 3 5 7

So Et E Y X x f fa7dx

Exampley Bivariate normal

f 8 gate
e Pf C 2esytgy

e X 4 Iii
f Cx fy y1x
salon N ex I e



F y x x ex F Cylx ex

The other example re visited

f x y Iz
0 EL E KE I

f G I O Edel fyµCfH
0 ELEK

F YlX x E
EG f EC7 x x f G7dx

O

of E
l da 14

Functions of r v S

Let be a r v with density f

g Ksk Y gfX is a r v

ply c g PC gCx7Ey
p g C C a y



p C x f g C if

where g A KER I g C A forany AER

So P YE f S fGc dx

g fay

Exampled X NCO D gfx7 x2 4 112

PCY Eg pCx2Ey
Pf Fy ex Efg E

E cry Iffy
2 Icy i since Intl Itx

Differentiating on both sides

fyly 2 IgE rg fy Etr
8 2

I e y 20
1125J

So XZ is Gamma Litz

Ki i s



where Tcf xt e dx

Anotherexample

X glakaxeb a btk Y aXtb

PCYEy PC aXtbEy PCXE Lad if a o

PC Iab if a co

fylyl lat f tab

Change of variable formula

X CX Xz with joint density f

Te th YET CX Xz YITzlx.sk
Assume T is invertible

Question What is the joint density gcy of Y Yz

For e.g X Xz are independent Explt
TC x ask 21

Answer Chage of variable formula on nextpage



gig f Tg JCT Hy
Lor

gig yd f T Yy y JCT ly

T is invertible so given Y yz we can get

Xi Ti CY L Xz Ti ly Ys

JCT 7127
1

5 Jacobian

21 determinant

2Lz 2Jz

Examine X X Expil independent

TIX Xz x 1712 ft Rage R x 10,1

y Ys Yik L fl L

JCTKL.is Iff 75,1 2

so JCT G gg y



Umg change of variable formula

gag yz7 f Litz HCl La L

12 expf XCY.LI f tfs Y

I y exp f ily

Y o L C 0,1

4 X tXz has density

gy.ly of if expf Af dy
42g expl dy

Y n Gamma 2 A

7 I
x exz

has density

Ly th JIL expf ay dy
O

1 for Yzf 0,1

Y 72 are independent since

gff.ie Gy Cy gents



Example X Xz E pH independent

Y X tXz Tze Xz

1 74,927 74 92,92 Range fly gg Y

3LaB0TtlYLz CY Lz Yz

TT chital
f f

o

I l

JCL Yz7 fly Lz Ys I

y expf ACL Latest
if Ye YEO

I expl XL Ily y o

Fi
Gy ly 7 fidexpl XL dLz

jexpf Xy Y

Are Ye Ya independent No



PC 7 EL 14 L

gcy.ie do

gff.it 7272

y I e Hi

T y

Y O C f C L2

Tri

Conditioned on 4 7 72 Unif Coif

Example X Xz with joint density f

Yi X Xz Ye Xi 1 2

147 1 Ii
A

T x Ax t y A y



A I l
kik 4 trite

gyy.ca.is f Ifk HII x

In general Gy yz y f A y

Problems from other topics
Lecture 20

tutorial

X Xa identically distributed a v Swimmean M
N is ar v that takes values 1,2 is

independent of Xi

S X t t XN
Find Els

El Sl Nan nu E Cs IN Nu
so ECD El El SIND µ F CAD



A fair coin tossed 3 times

Y outcome of first toss

X heads

Find ECxly
F Extent a k PCX k 17 1

Pfk 1 7 1 2101 2 7 1 134 341

PCXel 4 1 12 P 2,7 1 1 314 3,4 1

Yg t 2 1 4 t
3 48

a

ECX Y o te w

Find fy C Ix when X 4 have jointdusit

a fix y7 the t O Exey c

f cx7 Ike t dy hit



Next
7

e t e't't
x

f
y

TIX OExeyca

b flag x e
MY

a yzo
a

f Cx7 fx e
t
dy e

O

x ga

fyqtglx7 se
xe xYoegc

ca XN Expil Y Expler independent

Find distribution of U min Xie

PCU u PIX u ply a e et
e Chula

PCU Eu I e
Atma

UN Expilter
PC Xc 7 To fix fyly dady

I file he t da dy



Juett L E'T dy
I
Xue

b X 7,2 independent exponential r.us with

parameters X M it

p XC Yaz p Xc minted Pf7cz

d MX

Atma site

ffa g C 2x 13g Oca yc1
i c

fix y dxdg C Ig

Lii f Cx7 2xt3y dg Ext

iii fyµGlxl 2 32
221 32



iv ECY X xT yfyµCylx dy

2 3 2

F 141 3 XI
2 X 142

Xi i I n i i d Exits Varix.to

xT tnE.xi
Find F Inc Xj Tn

Cov Tn Xj Tn where g FEI n



Lecture 21

Multivariate Normal Distribution

XNNCon density expf 122

Xi Bivariate Normal density Ife expf
hi
YI.tl

Note quadratic component in the exponent

Generalizing to n dimension X Xn

Expect the joint density as a re sealed version of

exp f E x 2 gbijxixj
Suppose Q B 2112 x x an

T

Qfx aijxixj xTA.sc
Ei

jEnA CCaijT
A is real symmetric

A can be diagonalized i.e

FB orthogonal St As BT AB



A B'B'I

Hence Qlx yt Ay where g Bx
n

Exit
F i

Suppose A is positive definite i e xTAx oHa o

A o 3 Xi 0 Hi

I Qfx o Hato

we want a density gig Q

Let fCx7 K exp XER

want f f 70 Hk Ti fffeldxel
IR

Tf k 0 then Lil is satisfied

For we shall show that Q 0 is

necessary sufficient



ffx7dx k exp 647 DX

Chargeofvariable keep f Iz EHLF dy

Justification for
T y Bx or a Bty

f T g f Btg

K exp f I yTBABTy
K expf I yTAy

Kexp f I diff

check 15T Cpl I since I BTHI Bingo

Hence f Gildas KJ expf I Edit dy
Rn a

K t.IT expC zXiLi2 dfi



K 2i

X Xn

fix flat exp f Tax in a

it h

joint density if only if A 70

Let X xn be the random vector with density f

f x fl x

so X Xn have the same distribution as f Xi Xn

F Xi EC Xi Exino

So X X Xn is a multivariate normal with
zero means

Y Xtµ µ CM u.lt

Def X X Xn has multivariate normal

distribution denoted Ncp t if its joint density
is given by



f Get exp x MTV la y
fyi n IVI a fkn

Note Switch to V Is done because

Thm Tf X is N Ge V then

EX µ and

Coi D Vij Cov Xi Xj

Them If X is N Ge V then its
T

moment generating function MCH E et't is

given by

Mct exp Ert ta
t.lt

tiqNotes

Pick C Oc O ti O O

Z



MA exp till it Viizti

Xi N N Mi Iii

Pick t O O ti o tj o o Tty

MAH expftifi tjhj Q.it t20ijtitjtojjtf
I

i Xj N Bivariate normal
with means µi Mj Variances Vii 0jj

covariance Oij

For X Cx Xn N Nfu V
where µ Yi ten in the mean vector

CC VijDing is the covariance matrix

ie µ Van are the variances

and Vij i Ij in the covariance

Letting Ti Vii lij denote the correlationcoefficient i j
4 j eijoirj



Tf Vij HIFI then V is diagonal

implying Xi Xu are independent

Converge also holds leading to

CX Xn jointly normal

independent if 4only Oijao Hit's

Linear combinations of Gausisianx

Let Hi X be jointly normal with
mean Zero

Let Ye be linear functions

of Xj j I n for Ken i c

n

Ym I am Xj m l K
21

Then CY Ye is jointly normal



PI E Ym O m I k
n

Cov Yc Ym E Aei Amj Vij
i j 1

where Uije E X Xj i jet n

Mhf of CT YD is

Tutt ha

Efexp til 1 tied

E exp ft g
aijXj t t tk akj

K

F exp yuiXi
where Ui Emami

exp tg Vij Ui Uj

for XNNCON Mae Mcu exp ut



exp I ftp.oijem tetmaciamj

exp tz
g
tetm

z
aciamjuij

exp I
II t.tmGVCYe.hn

r
MAF of a jointly normal vector

Hence fl 7k is jointly normal

6

Every marginal distribution of a

multivariate normal is univariate normal



Any linear function of X Xa is

univariate normal

Some problems

Let X 7 be the correlation coefficient

of X and Y Then Ha b C d a o C 0

show that

elaxtb Mtd e Xie

Cov aXtb att d actor XM

Varlaxtb z a'Var X

Var eyed CZ Vara

Let 4,77 he bivariate normal with

meant µ µ2 variances 42,22
correlation co efficient e



Let U aXtb V c7td a c 0

Find joint distribution of CU V

UN is bivariate normal with

meant all b Chet d

variances a2q2 c
2 2

correlation e
DE

X and Y bivariate normal with equalvariance

Find a 0 Srt tail is independent of

X oil

X ray X al is bivariate normal

G X ray X a 7 Var X a Varcy

0 when a 11 or 1

So when a H Xta7 is indep of X ay



0

4 Suppose X Y indep v.v S with densities

f lx Ix e
H

X O

f g
3
y e

t
y 70

Let U Xel V XX17
Find Joint density gu Cui

T Hy 7 att
y

T v.v no nano

JCT Yu.nl

ufx.efx.yIgIsxy2e e
t

x y o

go.vcu.at u ult vie w

UZO Oc Ucl



H w Find marginal densities

guc 4 grc

Check if V and V are

independent


